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1. The discrete random variable X has the following probability distribution

X -1 0 1

PX=x) | 02 | 01 | 02

(a) Find Var(X)
(b) Find Var(X")

Important

E(X) =L xP(x=x)

E(X?)= Tx*P(x=x)
Vae(y = E(x?)-[Ex))°

(a) let's get
=-1(0.1+0C0.0+1(0.2) + 3€0.25) + 5(0.25)
S-07240:7+40.35+1.25

Let's get
= (-0*(0.2) + 0*C0.0+ 1*(0.2) +3%(0.25) +5%(0.25)
©0.2+0.2 + 9%0.15 + 25%0.25
0.4+ 34x0.25
£0.4+8.5

Substiture inte
Var(x)= -(c00)
-
: 89-4:449
Var(x)=4.9 Al
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Question 1 continued
_(b) We will use the same logic a» above:
Var(x?) = € - [eoxr]”
: E(x %) -]
let's get F(x“):
i) e 03 00.2) + 040 +1% 0.2+ 3%0.25) + 5 %10.25)
= 0.2+0.2+81%x0.25+625%0.25
E(x*) =139 @i

— _We have E(x¥) from (a):
Sub stitute:
U= £eyd) - 1*

1 136.9-(5.9" @)
=93.40 > 9.3
- Vor(x?')=93.> t 3¢ A°

(Total for Question 1 is 6 marks)
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The number of errors made by a secretary is modelled by a Poisson distribution with a
mean of 2.4 per 100 words.

A 100-word piece of work completed by the secretary is selected at random.
(a) Find the probability that
(i) there are exactly 3 errors,

(i1) there are fewer than 2 errors.

After a long holiday, a randomly selected piece of work containing 250 words
completed by the secretary is examined to see if the rate of errors has changed.

(b) Stating your hypotheses clearly, and using a 5% level of significance, find the
critical region for a suitable test.

(c) Find P(Type I error) for the test in part (b)

(@) X = #of errors in the 100-word piece  define vavisble
X~ Po(2.4)
..P(X=31=0.20901 —0.209 to 3sf !

T- “exactly"”

. P(x €£2) = 0.30844 — 0.308 to 3s¢ 1
1-{ewer than

P 7 2 7 9 7 A 0 4 2 4
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Question 2 continued

(b) Hypotheses
Ho:p=2.4
H.a22.4
two-tailed test.

Ho
H,

E — %ol errors per 250-word piece deline varable

E~Pal6)

57. Signi{icance — (.025 in each +ail

Lower tail
P(E$cy)<0.025

P(E §1)=0.0134 <0.025- {alls in <rit region

P(ES2)=0.0620>0.025 . doesn't fallincril.vegion

. '1

L 4

VY

Upper tail

:M=6
P mtb

PCE2 €)= 0.025

1- P(.E \‘(2'1\

= 0.025

P(ESCy-1)=0.915
P(E §10)= 0.5+ <0.93F5 : Notin crit. regian

PCE $1D=0.98050.935 .. in crit. region

g

. C=1= 11

Ca =12 criticol

~ Upper toul of cricicar region:

- lower xoil of critical Veg’\on:

EsA
Y,

() is the

It is just the

actuok Significance =

P(T\’pc 1 Evrror)=0.0335

ELOm

€212
Full criticak Region:
Esv 0 E212 A0
of .(Hots true bux we reject it)
of the test.
P(ES) + P(E212)

0.0134 + (1-0.933408)
0.0134 +0.020)

=0.0335

(Total for Question 2 is 7 marks)
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3. Tisam took a survey of students’ favourite colours. The results are summarised in the

table below.

Colour
Red Blue Green | Yellow | Black Total
1-5 34 15 14 22 3 88
Year | o g 23 32 12 9 8 84
group
10-12 5 28 19 8 8 68
Total 62 75 45 39 19 240

Tisam carries out a suitable test to see if there is any association between favourite

colour and year group.

(a) Write down the hypotheses for a suitable test.

1)

For her table, Tisam only needs to check one cell to show that none of the expected

frequencies are less than 5
(b) (1) Identify this cell, giving your reason.

(i1) Calculate the expected frequency for this cell.

The test statistic for Tisam’s test is 38.449
(c) Using a 1% level of significance, complete the test.

You should state your critical value and conclusion clearly.

(a) Hypotheses
Ho: Theve is Mo associokion between favorite color and yeargroup
Hi. Theve is an assocakion between Lavorite color and yeargroup

P 7 2 7 9 7 A 0 6 2 4

(2)

(€))
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Question 3 continued

(b)i. The cell with the lowest vow totak and lowest column totol.

That is Black, 10-12

u. For

Tota! _ to get the

al 6 |la+b

c d | ced

Total |o+c | bad|atbeced

grand
total

(¢) Calculake
For

tic {rom tables:
hic x*: 38.449 > 20.090

s hereit would be ;=

we calCulaxe the like this:

of this, we cakulate

._Tow total x column total
1= gmnd total

. (atb)(a+c)
atbecad

g = 68x19 53433
240

2.38 to 3st expected (requency

the formula for is:

v=(%5-1 x(3-1) = 8 deqgrees of (reedom &1

xg (173220000  c.v.

~. falls in critical region :.reject Ho

There is sigmificant evidence of anassociokion between between cslor chosen and yeargrowp &

ELOm

(Total for Question 3 is 6 marks)
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. Every morning Geethaka repeatedly rolls a fair, six-sided die until he rolls a 3 and
then he stops. The random variable X represents the number of times he rolls the die
each morning.

(a) Suggest a suitable model for the random variable X

(1)
91
(b) Show that P(X < 3)= ——
216
(2)
After 64 mornings Geethaka will calculate the mean number of times he rolled the die.
(c) Estimate the probability that the mean number of rolls is between 5.6 and 7.2
3)
Nira wants to check Geethaka’s die to decide whether or not the probability of rolling a
1
3 with his die is less than -
Nira rolls the die repeatedly until she rolls a 3
She obtains x = 16
(d) By carrying out a suitable test, determine what Nira’s conclusion should be. You
should state your hypotheses clearly and use a 5% level of significance.
4)

(a) Geometric Distribukion Since we ore modelling the number of trioks until the (irst success
X N GQO(%) ol

(b) PCX€3)= P(X=1)4P(X=2)+ P(X=3) OR  P(X§3)=1-P(x>3)_nomare than 3 fails

/ 3
less than 3 = success+ (fail)success) + (fail)(fail)(success) =1-(g) m
. - 2, = 4125
tries ';-I' .‘6_:%»(%) ‘f 1 i
=3 d |
216 216
() From for X~ @eo(p)
E(¥=1-p Var(x)= 7P
Pt
Substitute: £
(W E(X)= \-% : % 6IVar(X) = .(%-Y: 30 MiAt

To usethe central imit theorem let’s convert to o. normal distribution:
XwGeoly) — Yz ~N(p, {5
Substiture 'i:-vN(c,\lg) M1A1

P(S.6 < X<1.2)=0.68064 — 0.681%0 3s( A1

P 7 2 7 9 7 A 0 8 2 4
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Question 4 continued
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Question 4 continued
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(Total for Question 4 is 12 marks)
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5. Some of the components produced by a factory are defective. The management requires
that no more than 3% of the components produced are defective.
Niluki monitors the production process and takes a random sample of » components.

(a) Write down the hypotheses Niluki should use in a test to assess whether or not the
proportion of defective components is greater than 0.03

(1)
Niluki defines the random variable D, to represent the number of defective components
in a sample of size n. She considers two tests A and B
In test A, Niluki uses n =100 and if D, > 5 she rejects H
(b) Find the size of test A
(2)
In test B, Niluki uses » = 80 and
« if Dy = 5 sherejects H
e if Dy, < 3 she does not reject H
« if Dy, = 4 she takes a second random sample of size 80 and if D, > 1 in this
second sample then she rejects H ) otherwise she does not reject H
(c) Find the size of test B
3)
Given that the actual proportion of defective components is 0.06
(d) (1) find the power of test A
(11) find the expected number of components sampled using test B
3)
Given also that, when the actual proportion of defective components is 0.06, the power
of test B is 0.713
(e) suggest, giving your reasons, which test Niluki should use.
(1)
(a) Hypotheses
Hy: p=0.03
H,: p20.03 &I
(b) D, o ~B (100, 0.03) we use Binomiak an we have constant probability and fixed number of trials
is the of <. P(4alingin critical veqion)
PCDygo?5)=4-P(D100S1) M1
=0.18214 — 0.182 to 3s¢  Size Al
’ A 0 00O
P 7 2 7 9 7 A @0 1 2 2 4
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Question 5 continued

() is the of <. P(4allingin critical region)

The critical regions are:
= Dgy2 5
- Dgo=4 ond then Dgg21 "and then'-s muitiply
= Size: PCDgo%»5) + P(Dgg=4)x P Dgg2 1)
2 0.0923Q + (0.12654)(0.91255)
< 0.20826— 0.208 to 3sf Size

) i. 1s the of using the
For test A:
X~ B(100, 0.06)
P(X25)=0.32322 — 0.323 %o 3¢ power
ii. For test B:
Y~ B(80,0.06)
80 components are sampied just for the test .
Every time Y=4, a Second component is sawmpled.
~. totod= §O + 80P(Y= 4)
s 94.83 — 95 components

=.P(in crit. region| p=actua))

(@) The size and power are sSimilar, buk aa test B uses fewer (omponents 1 would suggest the use of test 8. ©

arom LR A R T
P 7 2 7 9 7 A 0o 1 3 2 4
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Question 5 continued
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(Total for Question 5 is 10 marks)
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6. The random variable X has probability generating function G, (¢) where

1
4 -3¢

G (1) =

(a) Use calculus to find Var(X)
Show your working clearly.

(b) Find the exact value of P(X < 2)

The independent random variables X, and X, each have the same distribution as X
The random variable ¥ =X, + X + 1

(c) By finding the probability generating function of Y, state the name of the
distribution of Y

(d) Hence, or otherwise, find P(X, + X, > 5)

(6)

C))

C))

2

’ ’ 2
) Var ()= Gty + Gyl1) = [Gun]
~Let's digcerentiate to get Gx() and 6x'(0)

Gult)= 3 ¢a-36)° derivative ofbracket

2 _3
=1 6x=32 ¥ =3 wing
2 z <

n =-a 3 - - . .n

-2
(,'%’ ()= 2¥(4-3¢) *

PR
W =27 -¥-2‘4

C3 4
_ Subostituke:

2
Var(x)= 23 , 3 _(3)
\ &7

4 2
=6

- \Var(X)=6  Mmann
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Question 6 continued
Method 2 — Binomial
let’s expand %o get the {irst 3 terms:

(5) Method 1 = Maclourin
P(XS2) = P(X=0)+ AX=1)+P(X=2)

Gx(t) = _(1- 34) 4 qet it into the required a(4=-bx) form

DO NOTWRITE IN-THIS'AREA

DO NOTWRITE IN THIS AREA

DO:NOT WRITE IN THIS AREA

-t [L)[.3 -3 (- ) 3
: = (1) )t+_\_( g)%..)
Pexc2)= Ox(O0)x2 2 & x2% 0 1 _ 23 ans :.'_l1+3t+3 ‘\-l-) MA
2 4 32 25 3
=)=3 gt =3 =143 ¥ 1
Pex=1) %7 “ic 3 ‘_‘Hz_“t A
PCx=0) = % MA substitugre t=1|
P(xs2)=L+ 3 o 23 =4 + 2%
2 16 35 TR T
= 203 P(xs2)= 203 A\
25 256
() Whnen W=X4Y, 6yl(th= Gy (4) % Gylt)
.. intws case:

Y= Xq 4t Xyt = Gylt)z Gy, ()% Gy, () xE

xt MY
3-3 3-3

Gylt) = )

look at the {orm:
L AP A
Gy(t) = ‘—'F div.upond down by M4
the form looks like Geometric

. distribukion 1 Y~Geo(d) A1

(d) P(¥,+¥,>5)

Y=*\+Xz*|
Y-|= Y|+¥z (we wdnl' Six -‘Q“ures
P(N-1>5) > p(v>s)-(|--) = 129
40%
=0.1¥3938
= 0.138

17
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Question 6 continued
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(Total for Question 6 is 16 marks)
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1
7. The probability of winning a prize when playing a single game of Pento is 3

When more than one game is played the games are independent.
Sam plays 20 games.

(a) Find the probability that Sam wins 4 or more prizes.

(2)
Tessa plays a series of games.

(b) Find the probability that Tessa wins her 4th prize on her 20th game.
(2)

Rama invites Sam and Tessa to play some new games of Pento.

They must pay Rama £1 for each game they play but Rama will pay them £2 for the
first time they win a prize, £4 for the second time and £(2w) when they win their wth
prize (w > 2)

Sam decides to play n games of Pento with Rama.

(c) Show that Sam’s expected profit is £%(n2 - 16n)
(6)

Given that Sam chose n =15

(d) find the probability that Sam does not make a loss.
“4)

Tessa agrees to play Pento with Rama. She will play games until she wins » prizes and
then she will stop.

(e) Find, in terms of 7, Tessa’s expected profit.
“4)
(@) X = #of Prizen Sam wins  deline variokle
X~ B8(20,0.1) tinomialas fixed % oftvials « congtant probability
P(x34)=1-P(xs$3) M7

=0.588555 — 0.589 to 3s{ P4

(b) Y- stof gare when Tessa wins 4™ prize  define variable
Y~ negB(4,0.2) M4 for
PCy=20)= "} )x0.23x 08"
= 0.043639

=0.0436 w3t A1
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Question 7 continued

(c) S-2stof Prires Sam wins ia n games. deline vavioble
S~8(n,0.2)
Profit would be an
Profitz(2+4+6...+28)-n
~oit's of an -n
%szcs-n] -n
=28 +9(s-D-n
profit= S+ S-n
for and
E(X)=np  Nav(R) =np(A-p)
E(S)=0.2n , Var(S)=0.2%0.8n =0.16n
we know that Var(x)= E(x*)-[E (x)]‘
. Var(x) + (en)’= €(x®)
E(S?) = 0.16n+ (0.20)}
E(S)= 0.\6n + 0.04n> 114
. E(Protit) = ECS*) + ECS) -n,

2 0.16n +0.04n*+0.2n -

0.04n" +0.36n-n
Lat,q._
25“ *+ln-n
-;-S(n‘-tq“-lfm\
.z'_s(n‘-mn\ hence shown

(d) We want profit 20 witn n=1s:
PCS?*+S-1520) 1y
olve 1o Qek Lirst game wiprogit.
use
-1 2l | 3 40 gkl Reject
: *vom 4 gamen onwards -3 profit
S~8(s,0.2)
P(S24)=0.35183 —20.352 to 3sf
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Question 7 continued

[ ] I* ol T ° !h . ! tl o l‘e
~ TaNeqB(v,0.2) 1
Progit = (2 4+4+6+...+2¢)-T
Svlree)-T A4 RN
( P
_ Her expected pvogit = v(r+N) -E(T) M4
= -X
vived) T
=Y r - sr

=vi-4¢y 19
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Question 7 continued
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(Total for Question 7 is 18 marks)

TOTAL FOR PAPER IS 75 MARKS
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